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1 INTRODUCTION 
 The replacement investment decision is clearly a 
strategic objective of a company as it defines its 
future competitiveness and the potential large costs 
incurred. This decision must be based on the 
maximum available information in the company to 
ensure a favorable outcome. All relevant 
information for the replacement decision largely 
depends on the company context. However, we can 
summarize the motivations leading to an investment 
by the estimated performance (technical and 
economic) gap between the current system and 
competing technologies available on the market, 
taking into account budgetary constraints. 
Research in the area of technology investment 
has taken many directions. In general, they can be 
classified in two aspects: economic/management 
science and operations research areas. In the 
former, the articles are based more on the modeling 
of the maintenance process through cost functions 
instead of the traditional failure indicators such as 
the degradation or failure rate models. One of the 
first articles dealing with this problem was 
published in 1976 (Elton & Gruber, 1976). In this 
early study, the authors assume that the technology 
develops linearly over time and prove that the 
replacement policy at equal intervals is optimum. 
However, the linear model is too restrictive, not 
appropriate to simulate the flexible development of 
technology. On the other hand, a new model: 
geometric technological evolution is developed by 
(Natali & Yatsenko. 2007, 2008a, b, 2009, Smith & 
Torpong. 2003). They utilize the geometric model 
to form the cost functions depending on equipment 
vintage or on time. The uncertainty of technology 
breakthrough time is captured by (Nair. 1995). He 
presents a model in which the technological change 
is stochastic over time with a non-stationary 
appearing probability of new technology. 
Nevertheless, all above models do not tackle the 
high level of uncertainty in the cost and the 
associated revenues. This characteristic is 
represented by a few articles such as Bethuyne 
(2001), Huisman & Kort (2004) and Mauer & Ott 
(1995). They also use geometric Brownian motion 
to represent the profit flow (Huisman & Kort 2004), 
or the cost (Mauer & Ott 1995, Bethuyne 2001).  
With these models, the managers can decide the 
best time for replacement investment of equipment 
under technological evolution but do not consider 
the maintenance strategies.  
On the other side, in the operation research area, 
Borgonovo et al. (2000), Clavareau & Labeau 
(2009a, b), Hopp & Nair (1994), Nguyen et al. 
(2010a, b) also examine the maintenance policy. 
However, because of the complexity of the system, 
they must simplify the technological evolution 
model. They consider a single new technology that 
has already appeared on the market with 
deterministic parameters (Clavareau & Labeau 
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2009a, b) or a geometric sequence of technology 
evolution, represented by the exponential decrease 
of the failure rate over time (Borgonovo et al. 
2000). In fact, this assumption is unreasonable 
because technical characteristics of equipments 
cannot always be changed over time. It changes 
only at the concurrent instant of a new 
technological generation. While Hopp & Nair 
(1994) examine a single new technology, Nguyen et 
al. (2010a, b) consider a technological innovation 
sequence. Furthermore, all above articles focus on 
optimizing the maintenance-replacement policy 
instead of considering the impact of maintenance 
on the investment decision.   
 These reasons motivate us to provide an 
appropriate model to meet the operational and 
strategic requirements. This model is developed to 
examine how replacement investment policies will 
be influenced by the maintenance option. We 
consider the discretized problem where the time 
horizon is characterized by the estimated maximal 
apparition time of new technology as we assume 
there is only one technological breakthrough in the 
planning horizon. This technology breakthrough is 
modeled by a non-homogenous Poisson process and 
the effect of a new technology is measurable 
through the degradation characteristics as well as its 
stochastic acquisition cost function. We assume that 
a new technology should always have an increasing 
performance, but its purchase cost may either 
increase or decrease. We also consider that the 
stochastic profitability process of an asset is defined 
by both the technical performance of asset, and the 
uncertainty of the market. For maintenance 
processes, we consider the dependency of its cost 
and its efficiency on the deterioration state of asset 
that is characterized by profit parameter. A discrete 
time, non-stationary Markov decision process 
(MDP) is proposed to determine the optimal action 
plan. The impact of maintenance on the investment 
policy is analyzed by different numerical examples. 
The remainder of this paper is structured as 
follows: In Section 2, we present our mathematical 
formulation model and its assumptions.. In Section 
3, the performance of our model is discussed 
through numerical examples. Finally, conclusions 
and future work are discussed in Section 4. 
2 MODEL AND ASSUMPTIONS 
2.1 Problem Statement  
Consider a repairable asset that operates 
continuously and generates the profit process g(t) 
defined by both the technical performance of the 
asset and the uncertainty of the market in which it 
performs. We assume that the technical 
performance is decreasing in the deterioration state 
of asset, so on average, the profitability is 
decreasing from g0
0
 - profit generated by new asset 
of the same technology to 0 over time.   
Let  , be the decision interval. We assume that a 
new technology can appear in this interval with 
non-decreasing probability pt. The difference 
between the technological generations is modeled 
by an improvement factor in their profitability, their 
degradation characteristics and their acquisition 
cost function.  
Let (g, c1, j) be the system state at the beginning 
of the t
th
 decision epoch with   - profit generated at 
this moment by the asset that belongs to 
technological generation j (j = 0): the old 
technology; j = 1: the new technology) while the 
purchase price of available new technology is   . 
Note that when new technology is not yet available, 
its purchase cost c1 = 0. In addition, as the purchase 
price of a new technology asset cannot be estimated 
exactly, its value is modeled by a stochastic process 
over time. After the moment of technological 
breakthrough, the purchase price of new technology 
is constant while the purchase price of old 
technology, c0 is decreasing.  
At beginning of decision epoch t, the possible 
actions are: 
1) Do nothing (DN): The asset continues to 
operate until the next decision epoch and 
generates a profit process g(t+u), (0 ≤ u ≤ η)  
given that the value observed at the beginning of 
epoch is: gt = g. The estimated economic gain 
accrued by the asset of technological generation 
j in this period is equal to Et [Gt| gt = g].  
2) Investment (I): We replace the asset by an 
available technology h in the market (j ≤ h ≤ 1). 
The replacement time is also negligible. The cost 
of such a replacement is given by the difference 
between the purchase price of the new asset    
and the salvage value bj(g). After replacement, 
the system generates a profit g0
h
. Note that the 
performance characteristic of a new technology 
asset can be estimated. This is realistic in the 
case where the technical parameters and 
specifications of future designs may be assumed 
reasonably well beforehand.  
3) Maintenance (M): restores the asset to an 
improved state, so its profit generated (g+) is 
higher than before the maintenance( ). 
Therefore, the effectiveness of maintenance is 
characterized by d:  
      (  
   ).  
    Note that: 
d = 0 characterizes an ineffective repair and d = 
1 a perfect repair. Finally, the maintenance cost is 
an increasing function over the maintenance 
efficiency. This common assumption is 
consistent with reality. 
  ( )     (  
   )                  .   
We assume that the maintenance time is 
negligible. 
2.2 System performance 
The system performance is presented by the profit 
process over time that has drift μ < 0 (because of 
the deterioration characteristic of the asset) and the 
volatility per unit time ζ. To model this process, we 
use geometric Brownian motion (GBM) that is the 
most widely used model of profit/cost flow 
behavior in financial domain (Huisman & Kort 
2004, Mauer & Ott 1995, Bethuyne 2001, 
Nishimura & Ozaki. 2007). Let gt be profit 
generated at the beginning of decision period t, Wτ 
~ N(0 τ), the profit at the beginning of next period 
is then:  
          0.   
  
 
/      1 
          (1)
 
The expected cumulative profit Gt within a 
decision period t, based on information available of 
profit gt = g at the beginning of this period, with the 
discount factor per unit time r, is given by the 
conditional expectation on gt. 
  ,     -   0 ∫    0.     
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With corollary 2 (Section 2.4.2 p.33) by (Yor. 
2001); we can prove: 
  ,       -  
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2.3 Technological evolution 
We consider only one new technology that can 
appear in the future with increasing probability over 
time. This assumption is consistent with character 
of technological breakthrough in reality and is 
presented by articles (Hoop & Nair. 1994, Nair. 
1995).    
         
 ;     (0  ) (4) 
  
 The δ factor reflects the non-appearance 
probability of new technology at the next decision 
epoch. Factor ε characterizes the increasing rate of 
the appearance probability of new technology over 
time.  
 Technological innovation is characterized by an 
improvement on the initial profit (the profit is 






with drift: μ0 < μ1 < 0. Due to the 
uncertainty of the apparition time of new 
technology uncertain and the volatility of the 
forecast increasing over time, we use geometric 
Brownian motion to model these characteristics. 
The purchase price of new technology c1,u at time   
is described as following:  
 




)      + 
               (5) 
where c1,u is initial estimated value of the new 
technology purchase price (c1,u > c0). Under the risk 
neutral measure, we have μ.  
 Finally, the salvage value of the asset at decision 
epoch t depends on its acquired profit at t and  th 
technological generation:  
  ( )                          (6) 
 
v is defined as the 'junk value' ;   and    are 
constant. 
2.4 Model formulation 
In this paper, we use a non-stationary MDP 
formulation to find the optimal maintenance-
replacement policy to maximize the expected 
discounted value-to-go over the finite horizon time 
denoted by Vπ(g, c1, j). 
Let Vt(g, c1, j). denote the maximum expected 
discounted value from the decision epoch t to the 
last epoch N. Then, V1(g, c1, j) = Vπ(g, c1, j).  
  (      )  
   *   (      )   (      )   (      )+          
(7)
 
where DNt, It, Mt are the respective possible actions 
to do nothing, invest, and maintain at decision 
epoch t. Therefore, the complete MDP formulation 
is given by: 
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_ Pj(g'|g): probability that the system generates a 
profit g’ at beginning of period t +1 given that the 
profit  generated at the beginning of period t is g. 
_ pt+1: apparition probability of new technology on 
next period. 
_ pt+1,c1’: probability that the purchase price of new 
technology is c1' on next period, given at t, c1= 0. 
2.5 Transition probabilities 
Trigeorgis (1991) proposes a log-transformed 
binomial method to discretize the geometric 
Brownian motion. This method can be seen as a 
quality improvement of the binomial approximation 
but it is developed for valuing pricing option under 
risk neutrality assumption (the drift of GBM is 
small). In our problem, the drift of GBM that 
models the profit process is large because of 
deterioration characteristic of the asset. Therefore, 
we propose a method based on the theoretical 
design of Trigeorgis (1991) with a variation in step 
changes. 
 Recall that the profit process at time u has the 
form: 
     
    *(   
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 In any differential time interval, du, Y = log(gu) 
follows an arithmetic Brownian motion. The 
increments, dY, are independent, identical and 
normally distributed with mean and variance: 
 (  )  (   
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                                                                            (11) 
We approximate the continuous process above 
by subdividing the planning horizon T, into N 
decision epochs of length η. Thus, du can be 
approximated by η. Within each discrete subinterval 
η, Y follows a Markov random walk moving up by 
an amount ΔY = E(dYinτ) + H with probability P or 
down by the amount ΔY = E(dYinτ) - H with 
probability 1 − P. The mean and variance of this 
discrete-time Markov process are: 
 (  )   , (     )   -
 (   ), (     )   - 
   (  )   0(    (  ))
 
1        (12) 
For the discrete-time process t be consistent with 
the continuous diffusion process, their 
corresponding means and variances should be 
equal. So, from (12) and (13), we have:  
P = 0.5 and H ;  
Given g profit generated at the beginning of 
decision epoch t and technology j. We have: 
  ( 
   )  [
0              , (  )   -
                      , (  )   -
0                                    
 (13) 
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To calculate the probability pt+1,c1’  of the new 
technology’s purchase price c1’ at t + 1, given at t, 
c1= 0, we utilize the same method to discretize the 
pricing continue process. From (6), let Yc = log c1,u 
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Figure 1. The binomial tree – Discrete time model of 
geometric Brownian model. 
 
At decision epoch t, the node value Yct,m  of our 
binomial tree are given by the formula below:  
Yc1,1 = 0 ;      
  , m: discrete state of Yc 









cr   ; 2≤ t ≤ T ;  
Yct,m= Yct,1 + 2H(m-1) ;   m ≤ t                   (14) 
  
The probability ', 1ctp is calculated by: 
        (        )   (    )  
   
    
         [    ]            
           
 P(Yct,m) = P(Yct-1,m-1)0.5 + P(Yct-1,m) 0.5 ;  
P(Yc2,1) = 0.5;   P(Yc2,2) = 0.5         (15)
 
3 NUMERICAL EXAMPLES 
 
In this section, we present numerical examples to 
illustrate the performance of our model and the 
impact of maintenance on the replacement 
investment decision. We consider days as the time 
unit and η = 30 as decision period, thus each 
decision epoch equal one month. We also assume 
that the new technology will appear any time 
between from next decision epoch (t = 2) until (t = 
25), so the planning horizon is set at T = 25. The 
input parameters for Example 1 are given in Table 
1. 
Table 1. The input parameters for the Example 1 
Discount factor 
Apparition  prob 
r δ ε   
3.10
-4 
0.9 0.9   
Purchase price c c' c1,0 σc  
 330 300 495 5.2.10
-3 
 
Profit    
 
   
 









d a k v h0        h1 
0.6 40 7 5 10    12 
 
The optimal policy for the first four months of 
Example 1 in cases j = 0 (i.e., old technology is 
utilized) is given in Table 2. With input parameters 
given in Table 1, the mean appearance time of new 
technology is 4.91 months and the mean first 
maintenance time is 3.34 months. The optimal 
investment strategy prescribes to replace the new 
technology when it becomes available on market 
(c1 ≠ 0). 
Table 2. The optimal policy for the first four months in 
Example 1 
t c1 Do Nothing 
[g1,   g2) 
Maintenance 
[g2 ,   g3) 
Investment 
[g3,   g4] 
1 0  [10,  8.65) [8.65,  0.85) [0.85,   0] 
2 0  [10,  8.55) [8.55,  0.55) [0.55,   0] 
514 
485 
 [10,  8.55) 
 [10,  8.55)  
  [8.55,   0]  
[8.55,   0]  
3 0  [10,  8.55) [8.55,  0.25) [0.25,   0] 
533 
514 
 [10,  8.55) 
 [10,  8.55)  
  [8.55,   0]  




 [10,  8.55) 
 [10,  8.55) 
 [10,  8.55) 
  [8.55,   0]  
[8.55,   0]  











 [10,  8.55) 
 [10,  8.75) 
[10,  8.75) 
[10,  8.55) 
[10,  8.55)  
[10,  8.55) 
[10,  8.55) 
[10,  8.55) 
[10,  8.55) 
[10,  8.55) 
[8.55,  0.25) 
[8.75,  7.55) 
[8.75,  8.45) 
[0.25,   0] 
[7.55,   0] 
[8.45,   0]  
[8.55,   0]  
[8.55,   0]  
[8.55,   0]  
[8.55,   0]  
[8.55,   0] 
[8.55,   0]  




For each decision epoch t, with utilized technology 
j = 0, the decision matrix defines the optimal 
decision according to the current profit g: Do 
nothing if g  [g1, g2), maintain if g  [g2, g3) and 
invest to replace by the same or the new technology 
if g  [g3, g4]. 
We find that in the case of no obsolescence (i.e., 
c1 = 0 as a new technology has not appeared), the 
firms tend to wait for new technology; the 
investment in the same technology is made only at 
the low profit levels. This replacement threshold 
(g3) is non-increasing through decision epochs (t = 
1, 2, 3, 4) because the appearance probability is 
increasing over time. The maintenance action 
demonstrates its dominance because it not only 
helps to maximize the profitability of the available 
asset, but also prolongs the economic life of the 
asset by waiting the appearance of better 
technology in the near future. In fact, as illustrated 
in Figure 2, we find that the maintenance area in the 
non-obsolescence case of Example 1 is larger than 
the case where we do not consider the possibility of 
new technology.  
Furthermore, the impact of maintenance on the 
investment policy is strengthened by an increased 
appearance probability of new technology i.e., 
maintenance allows us to reduce the replacement 
threshold. The smaller the average appearance time 





Figure 2. The optimal policy for the first four months in 
Example 1 (non-obsolescence case) and in the case where new 
technology is not considered 
 
 To illustrate this property, we consider the case 
where new technology may appear with the same 
probability at the second period: p2 = 0.1, but their 
increase rates over time are different. We utilize the 
average appearance times (AAT) of new 
technology 2.98; 3.67; 4.91 (same as Example 1); 
5.77; 10.35 as alternatives in our experiment.  
 Consider Figure 3, the replacement thresholds 
are g = 1.05, 0.85, 0.75, 0.75 through decision 
epochs t = 1, 2, 3, 4 when the AAT of new 
technology is 5.77. These thresholds are lowered to 
g = 0.35, 0, 0, 0 when the new technology will 
appear at t = 2.98 in average. Note that when the 
investment threshold is g = 0, replacement by the 
same technology is not allowed. On the other hand, 
we find that in the case where the AAT is 10.35, as 
the appearance probability is small and its increase 
rate is slow, the replacement threshold is non-
decreasing through four decision epochs (g = 0.95, 




 Figure 3. Impact of the average appearance time (AAT) of 
new technology on replacement threshold in non-
obsolescence case. 
 
 In the obsolescence case, (c1 ≠ 0), maintenance 
no longer demonstrates its dominance. The firm 
tends to invest in new technology if it is available 
on the market. Consider in Table 1, the replacement 
threshold g = 8.55 in decision epochs t = 2, 3 with 
its estimated purchase price level 476 ≤ c1 ≤ 533. 
The maintenance action is selected only from the 
fourth decision epochs, t = 4 when the purchase 
price is at higher level c1 = 553 or c1 = 533. 
However, in comparison with the case where no 
maintenance is considered (we have only two 
choices: 1) do nothing or 2) invest), we find that the 
impact of maintenance on the investment policy is 
non-monotone over time and depends on the 
purchase price level. Consider that the new 
technology appears at t = 4 with the high purchase 
price c1 = 553 or with the low purchase price c1 = 
466. As illustrated in Figure 4, in the case without 
maintenance, the investment threshold is 6.95 
through all decision epochs. In the case of the low 
purchase price, the consideration of maintenance 
motivates us to invest in new technology because it 
allows us to maximize the profitability of the better 
technology characterized by the initial profit and 
the drift of profit flow. Contrarily, in the case of 
high purchase price, maintenance allows us to 
weigh the benefits of utilizing the available asset 
and the revenues of investment in new technology.  
 
Figure 4.  Impact of maintenance action on the investment 
threshold  in obsolescence case. 
 
 Next we consider the effect of maintenance 
efficiency on the investment strategy. Recall this 
efficiency is represented by the factor d, 0 ≤ d ≤ 1. 
As illustrated in Table 3, the higher the factor d is, 
the larger the maintenance area is, because the 
maintenance efficiency is improved.  
 In the non-obsolescence case, the impact of the 
maintenance efficiency on replacement threshold is 
monotone: the higher the maintenance efficiency is, 
the lower the replacement threshold is. The 
increased maintenance efficiency is beneficial to 
prolong economic life of the current asset while 
waiting new technology. This tendency is shown 
clearly by Figure 5. Consider for example that 
investment in new technology is not optimal 
through the first four decision epochs if d = 0.8, and 
if d = 0.4, the replacement threshold is raised at g = 
6.05, 5.85, 5.65, 5.55.  
 
Table 3. The replacement area for the first four decision 
epochs with d = 0.8; 0.6; 0.4. 
i c1 d = 0.8 d = 0.6 d = 0.4 
1 0 [8.75,        0) [8.65,  0.85) [8.35,  6.05) 
2 0 [8.75,        0) [8.55,  0.55) [8.25,  5.85) 
  514 
485 
   
3 0 
  533 
 514 
  503 
 485 
476 
[8.75,       0) 
 [8.85,  5.75) 
 [8.85,  8.25) 
[8.55,  0.25)  [8.05,  5.65) 










[8.85,     0) 
[8.85,  0.15) 
[8.85,  3.25) 
[8.85,  5.15) 
[8.85,  6.55)  
[8.85,  7.85) 
  
 
[8.55,  0.25) 
[8.75,  7.55) 
[8.75,  8.45) 
[7.85,   5.45] 
  
   
 
 
Figure 5. The replacement threshold in the case non-
obsolescence for the first four decision epochs. 
 
 The case where the obsolete problem appears is 
more complex. The impact of maintenance 
efficiency on investment threshold is non-monotone 
and depends strictly on purchase price levels. For 
example, new technology appears at t = 2 in two 
situations with c1 = 514 or 485. The optimal policy 
for the first five decision epochs prescribes the 
same investment threshold for two purchase price 
levels c1 = 514, 485 in the case where we do not 
consider maintenance option or the maintenance 
efficiency is not important: d = 0.4, 0.6. With 
efficient maintenance actions (d = 0.8), the 
investment policy for these price levels is rather 
different. As illustrated in Figure 6, we find that 
when the maintenance efficiency is improved (in 
the case: d = 0.4, 0.6) we tend to replace soon 
because the implementation of the optimal 
maintenance policy on new technology will obtain 
more profit than the current asset. However if the 
maintenance efficiency is really important, and the 
purchase price is at a high level, the firms weigh the 
benefits of utilizing the available asset and the 
revenues of investment in new technology, 
especially in the limited planning horizon. Hence, 
the investment threshold may be lowered.  
 
 
Figure 6. The replacement threshold in the case obsolescence 
assuming new technology appears at t = 2 with c1 = 514 or 
485. 
4 CONCLUSION 
In this paper, we proposed a model that allows 
managers to plan replacement investment under 
technological improvement in an operational 
context: considering the impact of maintenance on 
the technological investment decision. We also take 
into account market uncertainty by modeling profit 
flow and new technology purchase price as 
stochastic processes. 
Through our numerical examples we have shown 
the importance of maintenance when considering 
the investment strategy in new technology. In fact, 
when the technological breakthrough has not 
appeared yet, it is obvious that maintenance allows 
us to extend the profitability of the current asset 
while waiting new technology. In the obsolescence 
case, the replacement option by new technology is 
motivated at lower purchase prices. Contrarily, with 
a high purchase price of new technology, the 
maintenance is beneficial as the alternative to 
replacement investment, especially when the 
maintenance efficiency is high. 
The proposed assumptions on planning horizon 
can be seen as a limitation of our model. In future 
research we will consider optimizing the time 
horizon. Furthermore, the representation of the 
stochastic property of profit flow and purchase cost 
generates an immense state space, that causes 
difficulty in implementation. A more efficient 
algorithm for optimizing the maintenance/ 
investment policy should also be developed.   
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